Existence of positive solutions for the nonlinear fractional differential equation 
Introduction
Existence of positive solutions of ordinary and partial differential equations [2] [3] [4] has been well investigated unlike those for fractional differential equations. Recently Zhang [1] has addressed the question of existence of positive solutions for the nonlinear fractional equation Then the condition a j > 0 is relaxed and conditions on f and a j 's are given under which the equation has unique solution, which is not necessarily positive.
Preliminaries
Let E be a real Banach space with a cone K. K introduces a partial order in E in the following manner [5] :
Definition 2.1. For x, y ∈ E the order interval x, y is defined as [5] x, y = {z ∈ E: x z y}.
Definition 2.2.
A cone K is called normal, if there exists a positive constant τ such that f, g ∈ K and θ ≺ f ≺ g implies f τ g , where θ denotes the zero element of K. 
Definition 2.3.
The left sided Riemann-Liouville fractional integral [6] [7] [8] of a function f of order α defined as
Definition 2.4. The left sided Riemann-Liouville fractional derivative [6] [7] [8] of a function f of order α defined as
We denote
If f is continuous on
] x=a = 0 and Eq. (3) reduces to
Existence of positive solution
In this section we discuss conditions under which the following fractional differential equation has a positive solution:
where 
Using Eqs. (3) and (4), Eq. (5) is equivalent to the integral equation
is completely continuous.
Hence
.
Hence Proof. We only need to consider the fixed point of the operator F . In view of Lemma 3.1,
as f is nondecreasing. Hence F is an increasing operator. By the assumption, we have 
Proof. There exist positive constants
where
. ., n− 1. Using Eqs. (3) and (4), the solution of Eq. (8) is equivalent to the solution of the following integral equation: 
But w(x) n−1 j =1 a j I s n −s j w(x) + I s n f (x, w(x)) = F w(x). Now for v(x) ≡ 0, F (v(x)) = I s n f (x, v(x)) v(x)
. . , n − 1, and D s j is the standard Riemann-Liouville fractional derivative.
Proof. Equation (9) is equivalent to the integral equation
T is completely continuous by Lemma 3.1.
Case c > 0. Let
be a convex bounded and closed subset of the Banach space C[0, δ], where
, 1 ,
Note that ∀u ∈ B R we have [5, 9, 10] implies that {T (u n )} has a convergent subsequence. Therefore T : B R → B R is compact. Hence by Schauder fixed point theorem [5] it has a fixed point, which is a positive solution of Eq. (9). A similar proof may be given for the case c = 0. ✷ It is easy to prove the following existence theorem using Theorems 3.1 and 3.3. 
So we have T (B R ) ⊆ B R . It can be seen that T (B R ) is equicontinuous (proof is similar to the proof of Lemma 3.2). Let {u
n } be a bounded sequence in B R . Then {T (u n )} ⊂ T (B R ). Hence {T (u n )} is equicontinuous. Since u n ∈ C[a, b], Arzela-Ascoli theorem
Unique existence of solution
In this section first we give conditions on f and a j 's, which render unique positive solution to Eq. (5). 
Then Eq. (5) has unique solution which is positive.
Proof. As pointed out in the preceding section, Eq. (5) is equivalent to Eq. (6). For u, v ∈ K we have
where F is given in Eq. (7). Hence
In view of Theorem 2.2, F has unique fixed point in K, which is the unique positive solution. ✷
In the following we omit the condition a j > 0 and study the equation
where Proof. Using Eqs. (3) and (4), Eq. (10) is equivalent to the integral equation
We define an operator F : where I α u 1 = x α+1/2 E 1,α+3/2 (x), α > 0. u(x) = lim n→∞ u n (x) is the unique solution. In case a < 0, the solution may not be positive.
